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都是建立在无界区域上的, Mavriplis[20], Coulaud等[8], Iranzo和Falqués[15],
Shen[24]和Guo和Shen[13]等分别从不同方面提出了使用Laguerre多项式来求



























Spectral methods are essentially discretization methods for the approx-
imate solution of partial-differential equations expressed in weak form. The
most attractive property of spectral methods may be that when the solution
of the problem is infinitely smooth, the convergence of the spectral methods
is exponential. Spectral element methods, which were developed by Petera
et al[22], are numerical methods which possess the flexibility of domain de-
composition of finite element methods and the fast convergence properties of
spectral method. Due to these advantages, spectral/spectral element methods
have achieved great success and become popular.
Most of the spectral/spectal element methods have been concentrated on
problems in bounded domains. There is however a need to consider approxi-
mations to PDEs in unbounded domains. In fact, many problems in science
and engineering computation are set in unbounded domains. some methods
for such problems using Laguerre polynomials have been developed by several
authors, such as Mavriplis [20], Coulaud et al. [8], Iranzo and Falqués [15],
Shen [24] and Guo and Shen [13]. Generally, the larger the degree of the La-
guerre polynomial used to approximate the solutions, the smaller the errors of
numerical solutions. However, there are some difficulties stemming essentially
from the fact that Laguerre polynomials have very poor resolution properties
as compared with other types of orthogonal polynomials (see Gottlieb and
Orszag [10]). As a result, using Laguerre polynomials in whole domain is not















To overcome this inefficiency, we try to generalize the idea of Guo and Ma
[14] by proposing a Legendre spectral element/Laguerre coupled method for
the elliptic Helmholtz problem on the half line. Our method combines the good
properties of the spectral element method with the advantage of the Laguerre
method in dealing with unbounded domains. Rigorous analysis is carried out
to establish the convergence of the method. Several numerical examples are
provided to confirm the theoretical results. The advantage of this method is
shown by a numerical comparison with the pure Laguerre method.
Key words: Helmholtz equation; Legendre spectral element/La-





















的工作, 如Kreiss和Orszag(参见[16],[21])等人的工作. 到了80年代, Quar-
teroni、Canuto、郭本瑜和Maday等人对谱方法从理论上做了系统研究,
对各类投影算子及插值算子导出了在各种范数意义下的误差估计, 并将其应






































项式的阶数越高, 数值解的误差就越小. 但是, Laguerre多项式与其他正交多
项式相比具有较差的逼近性质(Gottlieb 和Orszag[10]). 首先, 从理论的观点
来看, 由于权函数e−x的出现, Laguerre谱方法的误差是在带权空间中来衡量
















































记Λ = (0,∞), χ(x)是通常意义下某权函数. 对任意的1 ≤ p ≤ ∞, 定义











, if 1 ≤ p < ∞,
ess sup
x∈Λ
|v(x)|, if p = ∞.
特别地, (·, ·)χ,Λ和‖ · ‖χ,Λ分别为空间L2χ(Λ)的内积和范数. 对任意的正整
数m, 定义
Hmχ (Λ) = {v; ∂kxv ∈ L2χ(Λ), 0 ≤ k ≤ m}
并赋予下列的半范和范数










对任意的r > 0, 我们通过Adams[1]中的空间插值方法定义空间Hrχ(Λ), 相
应的范数记为‖ · ‖r,χ,Λ. 进一步的定义空间








2 (x)∂xv(x) = 0}.
当χ(x) ≡ 1时,我们将从Hrχ(Λ), Hr0,χ(Λ), ‖·‖r,χ,Λ, |·|r,χ,Λ, (·, ·)χ,Λ和‖·‖χ,Λ等




























(n + 1)Ln+1(x) = (2n + 1)xLn(x)− nLn−1(x), ∀n ≥ 1,















f(ξi)ωi, ∀f ∈ P2N−1,





, i = 0, 1, 2, · · · , N.






ξi,k = ak−1 + (ξi + 1)hk/2, ρi,k = ρihk/2,∀i, 0 ≤ i ≤ N, ∀k, 1 ≤ k ≤ K.
全局的Legendre-Gauss-Lobatto点为:











Ll(x) = 2l−1−xl Ll(x)− l−1l Ll−2(x), l ≥ 2,





















f(ηj)χj ∀f ∈ P2l,











f(x̂j)χj ∀f ∈ P2l.
积分节点和权函数为:
x̂j = a + ηj, χj =
1
(l + 1)Ll(ηj) , j = 0, · · · , l.
§1.2 问题
我们考虑半轴上的如下Helmholtz问题: 给定F (x) ∈ L2χ(Λ), 找U(x), 使得


−∂2xU(x) + λU(x) = F (x), x ∈ Λ,






(1.1)的一种弱形式为: 找U(x) ∈ H10,χ(Λ)使得
(∂xU, ∂xV )χ,Λ + λ(U, V )χ,Λ = (F, V )χ,Λ, ∀V ∈ H10,χ(Λ). (1.2)
从弱形式(1.2)出发, 我们可以构造使用[13]所提出的纯Laguerre谱方
法. 但是, 因为纯Laguerre方法的逼近性质较差, 我们在这里提出一种所
谓的Legendre谱元/Laguerre谱耦合方法来逼近(1.2). 为此, 我们需要把问
题(1.1)改写成如下的多元形式. 令Λ1 = (0, a), Λ2 = [a,∞), a > 0. 而
且, 令U1(x) = U(x)|Λ1 , U2(x) = U(x)|Λ2 , 那么U1(x)和U2(x)有如下的耦合关























1, k = 1, 2, · · · , K, 这里Λk1 = (ak−1, ak), 且a0 = 0, aK = a.







2 U2(x), f2(x) = e
x−a




−∂2xu1(x) + λu1(x) = f1(x) x ∈ Λ1,
−∂2xu2(x) + ∂xu2(x) + (λ− 14)u2(x) = f2(x) x ∈ Λ2,























χ1(x) = 1, if x ∈ Λ1,
χ2(x) = e
a−x, if x ∈ Λ2,
我们的方法的出发点是: 问题(1.4)有如下的弱形式: 找u ∈ H10,χ(Λ), 使得
a(u, v) = (f, v)χ,Λ, ∀v ∈ H10,χ(Λ), (1.5)
这里a(·, ·)如下定义: ∀u, v ∈ H10,χ(Λ)






实际上, 对所有的v ∈ H10,χ(Λ), 通过对(1.4)的第一和第二个方程分别乘




)u2, v2)χ2,Λ2 = (f1, v1)Λ1+(f2, v2)χ2,Λ2 .
对相应项进行分步积分可得
(∂xu, ∂xv)χ,Λ + λ(u, v)χ,Λ − 1
4
(u2, v2)χ2,Λ2 − (∂xu1(x)v1(x))|a0
















相反, 要从(1.5)得到(1.4), 首先令v ∈ {v; v1 := v|Λ1 ∈ D(Λ1), v2 := v|Λ2 =
0} ⊆ H10,χ(Λ), 我们可以从(1.5)推得
(−∂2xu1 + λu1 − f1, v1)Λ1 = 0, ∀v1 ∈ D(Λ1),
这样在弱形式意义上有
−∂2xu1 + λu1 = f1, in Λ1.
接着, 取v ∈ {v; v1 := v|Λ1 = 0, v2 := v|Λ2 ∈ D(Λ2)} ⊆ H10,χ(Λ), 那么(1.5)简化
成
(−∂2xu2 + ∂xu2 + (λ− 14)u2 − f2, v2)χ2,Λ2 = 0, ∀v2 ∈ D(Λ2),
这样在弱形式意义上可得
−∂2xu2 + ∂xu2 + (λ− 14)u2 = f2, in Λ2.
最后, 对所有v ∈ D(Λ) ⊂ H10,χ(Λ), 对(1.5)应用分步积分可得




















定理 1.1 对所有λ > 1
4
和f ∈ L2χ(Λ), 问题(1.5)存在唯一解.
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